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Borel hierarchy
Polish space: A separable completely metrizable topological space.

We denote by Σ0
1(X) the open sets of X and by Π0

1(X) its closed sets. Then:
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We have the Borel hierarchy for X, where ∆0
α(X) = Σ0

α(X) ∩ Π0
α(X):
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Analytic set: A ⊂ X is analytic if it is the continuous image of a polish
space over X.

Seminorms model
The following set is closed in RV , so it is polish:

P =
{
µ ∈ RV : µ is a seminorm

}
We can assign to every element µ ∈ P a separable Banach space Xµ as
follows:

1. Extend µ to µ̄, its unique seminorm extension over c00.

2. Define the quotient norm µ̃ over c00/Nµ where

Nµ = {x ∈ c00 : µ̄(x) = 0}.

3. (Xµ, µ̂) will be any completion of (c00/Nµ, µ̃).

In that way, the set V̄ = {v + Nµ : v ∈ V } is a dense set of Xµ (so it is
separable).

Reciprocally, given a separable Banach space (X, ‖·‖) with {xn} a dense
sequence, we can assign a seminorm µ ∈ P such that X ≡ Xµ by defining
for every v =

∑
anen ∈ V

µ(v) =

∥∥∥∥∥
∞∑
n=1

anxn

∥∥∥∥∥ .
This proves that P is a codification of the class of separable Banach
spaces, where we can see V as a “universal dense” set for all separa-
ble Banach spaces.

Some known complexity classes

• The isometry class of `2 is closed.

• The isomorphy class of `2 is Fσ.

• The isometry class of `p with 1 ≤ p < ∞, p 6= 2, is Fσδ.

• The isometry class of Lp[0, 1] with 1 ≤ p < ∞, p 6= 2, is Gδ.

Results on geometric classes

Diametral properties

A Banach space X has:

• The local diameter 2 property (LD2P) if every slice of BX has diame-
ter 2.

• The diameter 2 property (D2P) if every non-empty relatively weakly
open subset of BX has diameter 2.

• The strong diameter 2 property (SD2P) if every convex combination
of slices of BX has diameter 2.

Results (with Ginés López and Abraham Rueda)

• LD2P and SD2P classes are Fσδ.

• D2P class is Gδ-complete.

• The class of (locally, weakly) octahedral spaces is Fσδ.

• The class of uniformly convex spaces is Fσδ.

V is the
space of se-
quences over
Q with finite
support.
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