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Hahn-Banach on steroids

Hahn-Banach Theorem

Let Z be a Banach space, Y C Z a closed subspace and
t: Y — R a bounded functional. There exists a linear boun-
ded extension T : Z — R of t such that || T|| = ||¢]|.
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Hahn-Banach Theorem

Let Z be a Banach space, Y C Z a closed subspace and
t: Y — R a bounded functional. There exists a linear boun-
ded extension T : Z — R of t such that || T|| = ||¢]|.

Can we change R with any other Banach space?
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Hahn-Banach on steroids

Hahn-Banach Theorem

Let Z be a Banach space, Y C Z a closed subspace and
t: Y — R a bounded functional. There exists a linear boun-
ded extension T : Z — R of t such that || T|| = ||¢]|.

Can-we change R-with-any-other Banach space?

Can we change R with some other Banach space?
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Hahn-Banach on steroids

Injective spaces

X is injective if for every pair of Banach spaces Y C Z and
every bounded operator t : Y — X, there exists a linear
bounded extension T : Z — X such that || T|| = ||t]].
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Hahn-Banach on steroids

Injective spaces

X is injective if for every pair of Banach spaces Y C Z and
every bounded operator t : Y — X, there exists a linear
bounded extension T : Z — X such that || T|| = ||t]].
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Equivalent definitions of an injective space X
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Hahn-Banach on steroids

Injective spaces

X is injective if for every pair of Banach spaces Y C Z and
every bounded operator t : Y — X, there exists a linear
bounded extension T : Z — X such that || T|| = ||t]].

Equivalent definitions of an injective space X

e X is injective.
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Hahn-Banach on steroids

Injective spaces

X is injective if for every pair of Banach spaces Y C Z and
every bounded operator t : Y — X, there exists a linear
bounded extension T : Z — X such that || T|| = ||t]|.

Equivalent definitions of an injective space X

e X is injective.

e For any U D X, X is 1-complemented in U.
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Relaxing the definition

Injective spaces

X is injective if for every pair of Banach spaces Y C Z and
every bounded operator t : Y — X, there exists a linear
bounded extension T : Z — X such that || T|| = ||t]].
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Relaxing the definition

Injective spaces

X is injeetive if for every pair of finite dimensional Banach
spaces Y C Z and every bounded operator t : Y — X,
there exists a linear bounded extension T : Z — X such that

ITN = Il
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Relaxing the definition

Injective spaces

X is injeetive if for every pair of finite dimensional Banach
spaces Y C Z, every € > 0 and every bounded operator ¢ :
Y — X, there exists a linear bounded extension T : Z — X
such that || T|| < (1+¢)||¢].
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Relaxing the definition

Lindenstrauss spaces

X is a Lindenstrauss space if for every pair of finite dimen-
sional Banach spaces Y C Z, every € > 0 and every bounded
operator t : Y — X, there exists a linear bounded extension
T :Z — X such that || T| < (1+¢)||t]].
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Relaxing the definition

Lindenstrauss spaces
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Relaxing the definition

Lindenstrauss spaces
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e X is an L; predual.
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Relaxing the definition

Lindenstrauss spaces

X is a Lindenstrauss space if for every pair of finite dimen-
sional Banach spaces Y C Z, every € > 0 and every bounded
operator t : Y — X, there exists a linear bounded extension
T :Z — X such that || T| < (1+¢)||t]].

Equivalent definitions of a Lindenstrauss space X

e X is a Lindenstrauss space.

e X is an L; predual.
e X** is injective.
e Forany U D X, X is an ideal in U.
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RelaX|ng the deflnltlon Y C X is an ideal if for any E C X of finite dimension

and € > 0, there exists P : E — Y such that:
e Ple)=eforanye € ENY,
o [P <1+e.

Lindenstrauss spaces

X is a Lindenstrauss space if for every pair of finite dimen-
sional Banach spaces Y C Z, every € > 0 and every bounded
operator t : Y — X, there exists a linear bounded extension
T :Z — X such that || T| < (1+¢)||t]].

Equivalent definitions of a Lindenstrauss space X

e X is a Lindenstrauss space.

e X is an L; predual.
e X** is injective.
e Forany U D X, X is an ideal in U.
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Relaxing the definition

Guraril spaces

X is a (strong) Gurarii space if for every pair of finite di-
mensional Banach spaces Y C Z, every € > 0 and every
isometry t : Y — X, there exists a linear bounded extension
T : Z — X such that it is an e-isometry (isometry).
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Relaxing the definition

Guraril spaces

X is a (strong) Gurarii space if for every pair of finite di-
mensional Banach spaces Y C Z, every € > 0 and every
isometry t : Y — X, there exists a linear bounded extension
T : Z — X such that it is an e-isometry (isometry).

Equivalent definitions of a Gurarii space X

e X is a Gurarii space.

e For any U D X, X is an almost isometric ideal in U.
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RelaX| ng the defl n |t|on Y C X is an almost isometric ideal if for any E C X

of finite dimension and € > 0, there exists P : E — Y
such that:

e P(e)=eforanyec ENY,

o P is an e-isometry.

Guraril spaces

X is a (strong) Gurarii space if for every pair of finite di-
mensional Banach spaces Y C Z, every € > 0 and every

isometry t : Y — X, there exists a linear bounded extension
T : Z — X such that it is an e-isometry (isometry).

Equivalent definitions of a Gurarii space X

e X is a Gurarii space.
e For any U D X, X is an almost isometric ideal in U.
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Not so relaxed

X is a k injective space if for every pair of Banach spaces
Y C Z with dens(Z) < k and every bounded operator t :

Y — X, there exists a linear bounded extension T : Z — X
such that || T|| = ||t]].
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Not so relaxed

X is a k injective space if for every pair of Banach spaces
Y C Z with dens(Z) < k and every bounded operator t :

Y — X, there exists a linear bounded extension T : Z — X
such that || T|| = ||t]].

Is there a projective characterization of these spaces?
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Not so relaxed

K injective

X is a k injective space if for every pair of Banach spaces
Y C Z with dens(Z) < k and every bounded operator t :
Y — X, there exists a linear bounded extension T : Z — X
such that || T = ||¢].

K ideal

Y C X is a  ideal in X if for any E C X with dens(E) < &,
there exists a norm 1 operator P : E — Y such that P(e) = e
foranyec ENY.
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Not so relaxed

Equivalent definitions of x injective spaces

e X is K injective.
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Not so relaxed

Equivalent definitions of x injective spaces

e X is K injective.
e Forany U D X, X is a x ideal in U.
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Not so relaxed

Equivalent definitions of x injective spaces

e X is K injective.
e Forany U D X, X is a x ideal in U.
e For any U D X with U & injective, X is a « ideal in U.
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Not so relaxed

Equivalent definitions of x injective spaces

e X is K injective.
e Forany U D X, X is a x ideal in U.
e For any U D X with U k injective, X is a x ideal in U.

e X is an L; predual and it is a x ideal in X**.
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Not so relaxed

Spaces of (almost) universal disposition

X is a space of (almost) universal disposition for density
k ((A)UD_,) if for every pair of Banach spaces Y C Z with
dens(Z) < k (every € > 0) and every isometry t : Y — X,
there exists a linear bounded extension T : Z — X such that
it is an (e-)isometry.
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Not so relaxed

Spaces of (almost) universal disposition

X is a space of (almost) universal disposition for density
k ((A)UD_,) if for every pair of Banach spaces Y C Z with
dens(Z) < k (every € > 0) and every isometry t : Y — X,
there exists a linear bounded extension T : Z — X such that
it is an (e-)isometry.

 (almost) isometric ideal

Y C Xis a k (almost) isometric ideal in X if for any E C X
with dens(E) < k (and £ > 0), there exists an (e-)isometry
P:E — Y such that P(e) =eforanyec ENY.
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Not so relaxed

Equivalent definitions of (A)UD_,. spaces

e Xisan (A)UD_, space.
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Not so relaxed

Equivalent definitions of (A)UD_,. spaces

e Xisan (A)UD_, space.
e For any U D X, X is k (almost) isometric ideal in U.
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Not so relaxed

Equivalent definitions of (A)UD_,. spaces

e Xisan (A)UD_, space.
e For any U D X, X is k (almost) isometric ideal in U.

e For any U D X with U an (A)UD_
(almost) isometric ideal in U.

. Space, X is a K
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Looking outside Lindenstrauss and Gurarii spaces

e Y C X is an ideal iff there exists a Hahn—Banach extension
operator ¢ : Y* — X*.
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Looking outside Lindenstrauss and Gurarii spaces

e Y C X is an ideal iff there exists a Hahn—Banach extension
operator ¢ : Y* — X*.

e Y C X is an ideal iff for every Z and t : Y — Z* there exists
a norm-preserving extension T : X — Z*.
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Looking outside Lindenstrauss and Gurarii spaces

e Y C X is an ideal iff there exists a Hahn—Banach extension
operator ¢ : Y* — X*.

e Y C X is an ideal iff for every Z and t : Y — Z* there exists
a norm-preserving extension T : X — Z*.

e Y C X is an ideal iff Y** is 1-complemented in X**.

If Y C X is an ideal, then Y®WZ is a subspace of X®WZ.

(Sims-Yost) Given Y C X there exists Y C Z C X such that
Z is an ideal in X and dens(Z) = dens(Y').
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Looking outside Lindenstrauss and Gurarii spaces

e X has the LD2P (D2P, SD2P, DP) iff every ideal in X has the
LD2P (D2P, SD2P, DP).
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Looking outside Lindenstrauss and Gurarii spaces

e X has the LD2P (D2P, SD2P, DP) iff every ideal in X has the
LD2P (D2P, SD2P, DP).

e X is octahedral (almost square) iff every ideal in X is
octahedral (almost square).
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Looking outside Lindenstrauss and Gurarii spaces

e X has the LD2P (D2P, SD2P, DP) iff every ideal in X has the
LD2P (D2P, SD2P, DP).

e X is octahedral (almost square) iff every ideal in X is
octahedral (almost square).

e Every Banach space X is an almost isometric ideal in its
bidual.

Esteban Martinez Vané

Projective characterizations of Lindenstrauss and Gurarii spaces



Looking outside Lindenstrauss and Gurarii spaces

X has the LD2P (D2P, SD2P, DP) iff every ideal in X has the
LD2P (D2P, SD2P, DP).

X is octahedral (almost square) iff every ideal in X is
octahedral (almost square).

Every Banach space X is an almost isometric ideal in its
bidual.

(Abrahamsen) Given Y C X there exists Y C Z C X such

that Z is an almost isometric ideal in X and
dens(Z) = dens(Y).
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Looking outside Lindenstrauss and Gurarii spaces

e If Y is not Asplund and « injective and X is an injective space
that contains it, then Y&, Y is a  ideal of X, X, but
Y., Y is not an L; predual (in particular it is not & injective).
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Looking outside Lindenstrauss and Gurarii spaces

e If Y is not Asplund and « injective and X is an injective space
that contains it, then Y&, Y is a  ideal of X, X, but
Y., Y is not an L; predual (in particular it is not & injective).

e If Y C X is a « ideal, then F(Y) is a x ideal of F(X), but
F(Y) is not an Ly predual.
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Looking outside Lindenstrauss and Gurarii spaces

e If Y is not Asplund and « injective and X is an injective space
that contains it, then Y&, Y is a  ideal of X, X, but
Y., Y is not an L; predual (in particular it is not & injective).

e If Y C X is a « ideal, then F(Y) is a x ideal of F(X), but
F(Y) is not an Ly predual.

o If JC laresetsand Xy <k < [J] < |l], then £p(J) is a K
isometric ideal in £,(/) for 1 < p < oo, but £,(J) is not an
AUD_, space.
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Auto-publicity

For more information and many more interesting results about
(almost isometric) ideals look at:

E. Martinez Vaiié and A. Rueda Zoca: Transfinite (almost
isometric) ideals in Banach spaces, Arxiv preprint, 2025
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https://arxiv.org/abs/2505.04178

Thank you!
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